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We show that for every qubit of quantum information, there is a well-defined notion of “the amount
of energy that carries it”, because it is a conserved quantity. This generalizes to larger systems and
any conserved quantites: the eigenvalue spectrum of conserved charges has to be preserved while
transferring quantum information. It is possible to “apparently” violate these conservations by
losing a small fraction of information, but that must invoke a specific process which requires a large
scale coherence. We discuss its implication regarding the black hole information paradox.
I. INTRODUCTION AND SUMMARY
In the recent dicussion of black hole information problem [1, 2], quantum information plays an increasingly important
role [3–6]. There is a tendency to imagine that at the level of gedanken experiments, quantum information of the real
world could be manipulated as if inside a quantum computer. This impression is somewhat over-simplified and might
lead to shaky conclusions.
The quantum field theory description of the real world is not simply quantum mechanics on a high dimensional
Hilbert space. Mathematically, quantum mechanics on a Hilbert space of dimension 2N is about all unitary operators
acting on it, namely the group SU(2N). This is similar to how we model a quantum computer with N qubits. However,
in the real world evolution, not all operators in SU(2N) are allowed. In fact, usually a very small subset of them can
really happen. One reason is that the real world evolution conserves energy1. If the energy spectrum of the Hilbert
space has no degeneracy, then the allowed unitarity operators form a much smaller subgroup (U(1))2
N−1 ⊂ SU(2N)
which is totally boring. Different energy eigenstates basically do not mixed at all. When there are degenerate energy
eigenstates, internal rotations within those subspaces are allowed, but it is still a subgroup much smaller than the full
SU(2N).
In other words, the quantum information in the real world can only be manipulated in a very restricted way
compared to processes we imagine possible in a quantum computer. In particular, “first load the information into a
quantum computer (or an auxiliatry system [7]), then do whatever we want”, is an empty statement2. A quantum
computer is part of the real world and is subjected to the same restriction. Specifically, this restriction is the following
simple but surprising fact:
There is a well defined notion of energy associated with every qubit of information, and it is a conserved quantity.
In the main text, we first provide the natural definition of the energy that carries a qubit of information, which is
the maximum energy difference between the two possible states. Its conservation is straightforward to prove. This
means that in the evolution of the real world, a specific qubit of quantum information is always carried by a fixed
amount of energy. In fact, this immediately generalizes to larger systems and all other conserved quantities. Quantum
information is associated with the eigenstate spectrum of all Noether charges.
Note that all these conservation laws impose strong constraints on how information can flow and be processed, but
this fact does not imply a real difficulty in practical quantum computation. For purely computational purposes, we
can encode the information in a highly degenerate system to avoid these constraints. However, if we are talking about
the quantum information content within some natural system, then it comes with its own energy spectrum. If one
takes the attitude that “after loading into a quantum computer, any computation is allowed”, then it is the loading
process which has to obey these constraints.
This is exactly the simplification we will adopt in this paper. We assume that gedanken experiments in the black
hole information problem contain two steps: (1) loading information into a quantum computer, (2) process within the
quantum computer. The information in the quatum computer is assumed to be stored in totally degenerate states,
thus free of all constraints. The loading process is subjected to conservation laws, therefore not all information will
be successfully loaded. We will show that in order to load a qubit of energy Equbit and only lose a small fraction,
ǫ≪ 1, the loading process must be coherent on a large energy scale Eloader ∼ (Equbit/ǫ). In other words, if there is a
1 If the Hamiltonian manifestly does not conserve energy, that means part of the dynamics is not described quantum-mechanically. One
should always be able to “enlarge” the description to reach an energy conserving Hamiltonian.
2 The number of times this or similar statements appear in the recent discussion of information paradox is one of the original motivation
of this paper.
2bound on how large an energy range is for physical processes to remain coherent, then any flow of energy larger than
this bound must carry information away3.
If the information one would like to load belongs to the early Hawking radiation from a black hole, we will show
that the loading process needs to be coherent for Planckian energy, Eloader = 1. One might suspect that this is beyond
the framework of QFT in a fixed background. When Planckian energy is involved in a quantum process, quantization
of gravity becomes important. Any coherent process of Planckian energy migth secretly emit hard gravitons and
decohere.
It was shown that without a quantum computation process, the new paradox formulated in [5] still fails to be
observable [10]. The concern about computation time might help to resolve the paradox [6], but it works on a time
scale much longer than the evaporation time, so may not be the most relevant physics. The energetic concern might
be a more direct obstacle to any future attempt to revive an observable paradox.
II. THE ENERGY OF ONE QUBIT
Consider a quantum mechanical system A. The way to track quantum information within this system is to imagine
a reference system R that is maximally entangled with A. For example, R can be one qubit, and
|ψ〉total = 1√
2
(
|0〉R|ψ−〉A + |1〉R|ψ+〉A
)
, (1)
such that the system A carries the one qubit of information that purifies R. If we select this particular basis of R, 0
and 1, then it looks like the information is carried by two orthogonal states ψ± in A. These two information-carrying
states will evolve according to the dynamics of A, |ψ±〉 → U |ψ±〉, but such evolution conserves energy.
E ≡ 〈ψ|H |ψ〉A = 〈ψ|U †HU |ψ〉A . (2)
This suggest that we can define the energy carrying this qubit of information as
∆E ≡ 〈ψ−|H |ψ−〉A − 〈ψ+|H |ψ+〉A , (3)
which is invariant under the dynamics of A.
Note that this shall not be the final definition yet, since ψ± is attached to the choice of basis in R. A rotation in
R leads to a rotation in A.
|0〉 → cos θ|0〉+ sin θ|1〉 , (4)
|1〉 → sin θ|0〉 − cos θ|1〉 ,
|ψ+〉 → cos θ|ψ+〉+ sin θ|ψ−〉 , (5)
|ψ−〉 → sin θ|ψ+〉 − cos θ|ψ−〉 .
The energy defined in Eq. (3) will be a sinusoidal function of 2θ. The natural definition of the energy that carries
this qubit of information should be the amplitude of this function. In other words,
Equbit = ∆E(θmax) , (6)
where θmax is the choice of basis in R that maximizes Eq. (3).
The physical meaning of this energy is quite simple. The operational definition of the maximal entanglement
between A and R is that for every basis in R, there will be a corresponding two-states projection measurement in
A such that their results are exactly correlated. In other words, if all of those projections are doable in A, then we
can use them to predict the outcome of any measurement in R. That includes a measurement of R in this particular
basis θmax. So, the projection in A must allow two possible outcomes with energy difference given by Eq. (6). In our
description, A is a large system that conserves total energy (maybe the entire world). One often wants to see if a
subsystem A′ ∈ A contains the entire information that purifies R. For that purpose, we know that the subsystem A′
cannot contain such quantum information if it does not have two states with energy difference given by Eq. (6).
3 Note that the inverse is not necessarily true. Information can flow without an apparent energy flow [8], since some information can be
stored in degenerate states and they are free to move without energy changes. Therefore, our result cannot establish a bound on how
fast information flows without further specifications of the system, which agrees with the classic line of work by Pendry [9].
3In fact, there can be other conserved Noether charges in the Hamiltonian, such as momentum and various quantum
numbers. It is straightforward to generalize our definition to all of them. A given qubit of information is carried by
all these Noether charges it started with. Note that the choices of basis in R to maximize the differences in various
Noether charges will be different.
III. LOADING A QUANTUM COMPUTER
Note that our argument in the previous section was for the “entire” information. For practical purposes, one should
consider the possibility to preserve “most” of the information while letting go some or all of its energy. Such a process
will allow us to approximately load a qubit of information with energy Equbit > 0 into a “computational” qubit with
zero energy. After that, the computation process is no longer constrained by energy conservation. That is in-principle
possible, but a special loading process is required.
This loading process still obeys conservation of energy, which implies that it must be something like
|ψ±〉A|φ0〉comp|Φ0〉loader → |ψ0〉A|φ±〉comp|Φ±〉loader . (7)
When the qubit of information ψ± in system A is loaded into the degenerate quantum computer states φ±, the
conserved energy difference must be carried away by the loader states Φ±. In addition, despite having different
energies, the two loader states Φ± cannot be too different. If they are distinquishable from each other, the state of
the loader will be somewhat entangled with the state of the quantum computer. Such entanglement undermines the
information transfer from system A to the quantum computer.
In order to quantify how much information is successfully transfered, let us assume that the qubit to load from A
was in a pure state,
|ψ〉A = (|ψ+〉+ |ψ−〉)/
√
2 . (8)
This will be loaded to
1√
2
(|φ+〉comp|Φ+〉loader + |φ−〉comp|Φ−〉loader) . (9)
Tracing over the loader system, we get the density matrix of the quantum computer,
ρcomp =
(
1 〈Φ+|Φ−〉
〈Φ−|Φ+〉 1
)
. (10)
In order for the information to be almost fully loaded, this should be close to a pure state. That requires
|〈Φ−|Φ+〉| = 1− ǫ , (11)
where ǫ≪ 1 is small number which parametrizes “how much information is lost” during the loading process. A small
ǫ implies that the two loader states Φ± are almost indistinguishable from each other, thus not very entangled with
the quantum computer.
We will demonstrate that a small ǫ requires the following three conditions:
• The energy spectrum of the loader system is dense on the scale of Equbit.
• The loader states Φ have large uncertainties in energy, ∆Eloader ≫ Equbit.
• The loading process is coherent for many microstates spanning energy range ∆Eloader.
This is most easily visualized by the following construction4. For convenience, we set ψ0 = ψ−, φ0 = φ−, Φ0 = Φ− in
Eq. (7). This means that an input state of |ψ−〉A has no effect on the loader.
|Φ0〉 = |Φ−〉 =
N∑
n=1
N−1/2|En〉 . (12)
4 Such construction is inspired by how Aharonov and Susskind circumvented the superselection rule [11].
4|En〉 are energy eigenstates of the loader, and a dense spectrum allows us to pick En −En−1 = Equbit for all n. This
arrangement is necessary because when the input is |ψ+〉A, the loader state can change to the following form:
|Φ+〉 =
N+1∑
n=2
N−1/2eiθn |En〉 . (13)
This is demanded by energy conservation for a unitary transformation. Since system A loses energy Equbit and none
of which goes into the quantum computer, every energy eigenstate in the loader system needs to pick up such energy
and shift to the next energy eigenstate.
The other two requirements become obvious as we compute
|〈Φ−|Φ+〉| =
∣∣∣∣∣
N∑
n=2
eiθnN−1
∣∣∣∣∣ . (14)
If the interaction with the loader is not coherent for these many microstates, the random phases eiθn will cancel each
other [12]. That means 〈Φ−|Φ+〉 ∼ 0. In such case the loader is maximally entangled with the quantum computer, and
the information from A fails to be loaded. The third condition we stated earlier was to prevent this from happening.
After those phases θn are aligned, a large N implies that ǫ ∼ N−1 is small. Since the loader state needs to be a
superposition of many different energy eigenstates, it has a large uncertainty in energy as we stated in the second
condition.
As a quick summary: In order to lose a small fraction of information ǫ during the loading process, we need the
loader system to be dense and coherent on a large energy range,
∆Eloader ∼ NEqubit ∼ Equbit/ǫ≫ Equbit . (15)
Note that it is difficult for a system to have a large uncertainty but still interacts coherently. One usually creates a
large uncertainty in some variable by measuring its conjugate variable very accurately. Such uncertainty comes with
a large entanglement and cannot maintain the coherence of the loading process. For example, if the loader is in a
mixed state,
ρloader =
N∑
n=1
N−1|En〉〈En| , (16)
then it does have a large uncertainty. However this loader state will make ρcomp diagonal, which means that all
information is lost during the loading process.
This means that designing such a good loader is not only technically, but also thoeretically challenging. It is
fundamentally different from other auxilliary systems appear in the discussion of quantum computation, such as the
ancilla for error correction or the waste during computation. Those auxilliary systems can be reset into its initial
form and keep functioning. A loader, on the other hand, is hard to reset since interacting with another system most
likely undermines the coherent condition and renders it useless.
IV. HAWKING RADIATION
In the context of black hole information problem, the information one would like to load into a quantum computer
belongs to the “early Hawking radiation”. For a black hole of mass M , the early Hawking radiation is roughly M2
qubits of energy Equbit ∼ M−1, where the Planck unit is set to one. Loading one qubit is still easy, which requires
the loader to be coherent for ∆Eloader ≫M−1. However, without resetting the loader, it eventually needs to load all
M2 qubits, which requires coherence for some macroscopic energy ∆Eloader ≫M2M−1 =M .
This estimation probably exaggerates the difficulty of loading. The energy difference M2M−1 can only occur
between atypical states in the system of early radiation, for example between the state of almost M2 unoccupied
qubits and almostM2 occupied qubits. To be more fair, the energy that stores theseM2 qubits of energy should only
be associated with the energy uncertainty of typical states, EM2 qubits ∼
√
M2Equbit ∼ 1, which happens to be the
Planck scale5.
5 Note that Planckian energy is the natural fluctuation of total mass for a black hole in the canonical ensemble. Even if we use a
micro-canonical ensemble to limit the total mass of the original black hole, fluctuation will grow during the evaporation process, reach
Planckian when it is half-evaporated, and stay at that value to almost the end.
5The exact physical meaning of this fact is open for discussion. In the context of black hole quantum information
[3], the important question is whether this Planckian qubit of information should be considered as part of the low
energy physics? It would seem like in order to describe a physical process which remains coherent in such energy
scale, quantization of gravity is inevitably important. Note that we are objecting to the fact that the early Hawking
radiation itself has a Planckian energy uncertainty. It is natural for a large physical system to accumulate a large
uncertainty in any observable. We are arguing that any attempt to extract a specific fraction of information from
the early radiation (known as the distillation process [13]) is facing an obstacle. That is because any such process is
effectively “first load into a quantum computer, then perform quantum computation”. In this case it must invoke a
physical process which is coherent across Planckian energy scale.
V. DISCUSSION
The core argument of the black hole information paradox is quantum cloning (or equivalently, violating the
monogamy of entanglement). In order to challenge complementarity, the duplicated quantum information must
be demonstrated to reside within one causal patch [3, 14, 15]. As we recently shown in [10], if the information that
purifies a late Hawking quantum remains distributed across the entire early Hawking radiation, then no cloning exists
within any causal patch. Conceptually speaking, the entire early radiation is too bulky, and it is impossible to fit
them into an infalling causal patch.
The remaining hope to establish a paradox is the quantum computation process proposed in [5], and it is still an
open issue. There are various different concerns about its validity, such as the time it requires [6] and the back-reaction
it causes [16]. The argument using an auxiliary system (such as the setup in [7]) seems to circumvent these concerns,
but it brings the question to another level which is no longer the validaty of semi-classical, four-dimensional physics.
In this paper, we study another possible issue for quantum computation in this context which is realted to energy.
In both [10] and here, we have followed the formulation of the paradox [5] and assumed that the black hole is entangled
with its own radiation. However, the only necessary input is actually energetic properties: that a black hole of mass
M is entangled with N =M2 qubits of energyM−1. All of our arguments will also work if the black hole is entangled
with any system with higher total energy, which obviously can happen if Hawking radiation interacts with a larger
system. It would not have worked if a black hole is entangled with a less energetic system: the same number of particles
at a much lower temperature. Fortunately, the second law of thermodynamics seems to forbid such situation. If we
follow the recipe in [17] to make a “pre-entangled” black hole, it can only be entangled with hotter gas but not colder.
The association between energy and information is the core idea behind the second law, and a careful analysis in
both provides solutions to classical information paradoxes such as Maxwell’s Demon [18, 19]. In the recent discussions
of black hole information paradox, energetic concerns have been somewhat ignored. We hope that by pointing out
the definite connection between energy and quantum information, we can get one step closer to the resolution of the
paradox.
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